Abstract-The aim of this paper is to analyse the stability of grid-connected converters using repetitive control for voltage harmonic compensation. Supplementary to an earlier proposed control strategy to upgrade grid-connected converters for add-on voltage support, the stability analysis of the overall system is presented. A straightforward procedure is proposed and a couple of stability conditions are derived. The analysis is broken down into two subparts and therefore, the Nyquist's criterion can be easily applied. Simulations and experiments support the stability model analysis. The proposed method is not limited to the application with voltage support but also applicable for other converter systems based on repetitive-control algorithms.
I. INTRODUCTION
Power electronic converters are widely applied to interface sustainable energy sources with the public grid and local loads [1] - [4] . Figure 1 shows the typical diagram of a single-phase grid-connected converter with local loads. In such a converter the local voltage is conventionally measured for grid synchronization and the converter output current is measured for active power regulation [5] - [9] . This type of converter generally experiences difficulties to compensate (the local grid voltage) for harmonic distortions that are generated by the local load currents, unless an additional sensor of the non-linear load current [10] - [13] , or the grid current [14] , or the grid voltage [15] is applied. In the application where multiple non-linear loads are connected to the point of common connection (PCC), more than one additional sensor would become necessary, which adds up to the total cost of the converter system. As demonstrated in [16] , [17] , a single-phase gridconnected inverter can be incorporated with an added functionality to sink the non-linear load current harmonics without using an additional sensor. This is achieved by employing a dedicated control strategy, where the PCC voltage is used for more than grid synchronization, e.g. for harmonic compensation to improve the local voltage quality. This is advantageous for the local grid, especially for a grid where the non-linear loads are the main contributor to the harmonics. Since the harmonics are locally countered, the distortion of the current to the grid can be diminished as a consequence.
Compared to regular current controllers applied in grid-connected converters [5] , [18] - [20] , the control strategy in [17] exhibits distinctive features, e.g. two references and two control loops in parallel, which makes a single-input single-output (SISO) feedback control strategy not applicable. In addition to that, since both proportional-resonance (PR) and repetitive-control (RC) algorithms were applied, the stability analysis of the overall system is non-trivial. A straightforward procedure is proposed and a couple of stability conditions are derived in this paper. The proposed stability analysis strategy is also applicable for a SISO converter system using repetitive-control, since a SISO system can be considered as an extreme case of a single-input dual-output servo.
The structure of the paper is as follows. Firstly, the voltage support control strategy for a single-phase grid-connected converter system is recalled. Then the procedure to derive the stability conditions of the overall system is presented. In Section IV considerations of the control design are discussed. This is followed by simulation results in Section V and experimental results in Section VI. Finally, conclusions are drawn in Section VII. Figure 2 shows the structure of the control strategy. The control strategy for additional voltage harmonic compensation includes two loops [16] , one for active power regulation and another for harmonic compensation. The RC algorithm is applied in the second loop. There the discrete-Fourier-transformation (DFT) filter is applied to selectively compensate for harmonics. The transfer function of the DFT filter in the z-domain is
II. RECALL OF THE CONTROL STRATEGY WITH ADD-ON VOLTAGE SUPPORT FUNCTIONALITY
where N h and N are the set of harmonics to be compensated and the number of samples per grid period, respectively. The transfer function of the proportional-
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The 2018 International Power Electronics Conference Fig. 1 . System diagram of a single-phase grid-connected inverter with LCL filter and local loads resonance filter in the s-domain is
where K p is the proportional gain, K r the resonance gain, and ω 0 the central resonance frequency which is designed to be equal to the grid angular frequency.
III. SYSTEM MODELLING AND STABILITY CONDITION DERIVATION
This section presents a procedure to derive a closedloop dynamic model of the grid-connected inverter of 
A. Modelling of the inverter and delay of PWM
The open-loop transfer function from the desired inverter output voltage v * inv to the inverter's output voltage v inv (refer to Fig. 1 ) is denoted as H 0 (s). Taking into account the calculation time and the delays caused by pulse-width-modulation (PWM), we approximate H 0 (s)
where T s is the sampling period. The sampling frequency
T s is identical to the inverter's switching frequency.
B. LCL filter and grid
The current source i ld1 in Fig. 1 denotes the nonlinear load and the voltage source v g represents the grid. Both i ld1 and v g are regarded as external disturbances and therefore the former is regarded as an open-circuit and another as a short-circuit during small-signal modelling. Therefore, the open loop dynamics from the inverter output voltage to the converter output current and the PCC voltage can be described by a 4th order state-space model, written as
where the input, states and outputs correspond to
� .
(5) The matrices in (4) are found to be
The transfer functions from the input to the outputs can be obtained as follows:
We can see that H 1 (s) and H 2 (s) are the transfer functions from v inv (s) to i o (s) and to v pcc (s), respectively. The zero-order-hold method is used for the discretization of H 0 (s), H 1 (s) and H 2 (s), which results in H 0 (z), H 1 (s) and H 2 (z), respectively. Figure 3 shows the closed loop diagram where the plant is given by Fig. 1 and the controller by Fig. 2 . The two references r 1 and r 2 in Fig. 3 correspond to the desired fundamental inverter output current i * o,1 and the desired pcc voltage harmonic content v * pcc,h (zero under normal circumstances) in Fig. 2 ; the two outputs y 1 and y 2 correspond to the inverter output current i o and the pcc voltage v pcc in Fig. 1 , respectively. The system in Fig. 3 is a single-input dual-output feedback control system, and Fig. 2 . Structure of the control strategy using repetitive-control for add-on voltage harmonic compensation we have
C. Closed-loop model
Controller:
e 2 y 2 Analysing the closed-loop system model in Fig. 3 yields a transfer function matrix, given by
where
It can be seen from (10) that all the entries in the closed-loop transfer function matrix share the same denominator, and that T (z) is the loop gain transfer function of the system. Therefore, T (z) can be analysed to derive the stability conditions of the system in Fig. 3 .
D. Stability condition derivation
The closed-loop characteristic polynomial of the system in Fig. 3 is
From substituting (8) into (11) and (12) follows
Observing (13) indicates that the closed-loop characteristic polynomial D(z) is of quite high order, making a direct application of Nyquist's Stability Criterion not straightforward. By decomposition of D(z), however, it is possible to reach a set of stability conditions. Denotinḡ
the polynomial in (13) is rewritten as
SinceT 1 (z) is stable and g is chosen smaller than one, a set of sufficient stability conditions of the system in Fig. 3 is therefore derived as follows:
Condition 1 The equation 1 +T 1 (z) = 0 has no unstable roots;
Condition 2 The equation 1 +T 2 (z) = 0 has no unstable roots.
As a result, with the proposed analysis procedure in this section, the overall system stability problem is broken down into two explicit sub-problems.
IV. CONTROL DESIGN CONSIDERATIONS
This section discusses how to properly tune the control parameters to satisfy the stability conditions derived in Section III-D. Table I lists the parameters of the gridconnected converter that are used for the examples in this section (with reference to Fig. 1 ). The controller parameters are set according to Table II unless mentioned otherwise.
It can be observed from the expressions ofT 1 (z) and T 2 (z) that weather condition 1 holds is determined by c 1 (z) alone; for condition 2 this is determined by both c 1 (z) and c 2 (z). Therefore, the stability strategy is to satisfy condition 1 first and thereafter satisfy condition 2.
A. Transfer functionT 1 (z)
Using the control parameters in Table II , the Nyquist plot ofT 1 (z) is depicted in Fig. 4 . It can be concluded that the sufficient stability condition 1 in Section III-D is satisfied. Moreover, it can be observed from the expression of c 1 (z) in (8) and (2) that decreasing K p and K r simultaneously will make condition 1 easier to be satisfied.T 
B. Transfer functionT 2 (z)
Using the control parameters in Table II , the Nyquist plot ofT 2 (z) is depicted in Fig. 5 with two different values of g. It can be concluded that the sufficient stability condition 2 in Section III-D is satisfied in both cases. Clearly, decreasing g helps to increase the system gain margin, according to the expression ofT 2 in (15) and its Nyquist plot in Fig. 5 .
V. SIMULATION RESULTS
A series of simulations were performed in Matlab/Simulink/Plecs to investigate the stability discussion in Section IV. An H-bridge is chosen for the converter indicated in Fig. 1 . Since a weak grid, namely a grid with relatively large grid impedance, experiences more difficulties in maintaining the local voltage quality in the presence of local non-linear loads, a weak gridT is assumed in this paper. The parameters of the gridconnected converter system is shown in Table I . In the simulation the sampling process is synchronized with respect to the converter switching behaviour according to the considerations in [21] , and therefore, the sampling rate coincides with the switching frequency. Figure 6 and Figure 7 show the simulation results when the RC loop is disabled (c 2 = 0) and enabled. It can be observed that compared to when the RC loop is disabled in Fig. 6 , the PCC voltage waveform is less distorted when the RC loop is enabled in Fig. 7 . A further analysis indicates that the total harmonic distortion (THD) of the PCC voltage is 3.82% in Fig. 6 and 1 .07% in Fig. 7 , which numerically validates the improvement in the PCC voltage quality. Figure 8 shows the start-up transient dynamics of the converter with different values of g. It can be seen that decreasing g accelerates the stabilization of the system; however, consequently, the PCC voltage THD increases, as shown in Fig. 9 . In a deliberately even worse case (in Fig. 8(d) ) the system becomes unstable when g is bigger than one, which is in agreement with the stability discussions in Section IV, Fig. 5 .
VI. EXPERIMENTAL RESULTS
This section considers the overall system performance in experiments, including steady-state and transient behaviours. A laboratory setup was realised in accordance with the system diagram shown in Fig. 1 . It consists of: a DC power supply, a single-phase H-bridge converter, an LCL filter, a linear load, a programmable load, a Spitzenberger type DM 3000 grid emulator and a dSPACE DS1104 real-time control system. The nominal parameters of the converter system are shown in Table I ; the control parameters are set according to Table II .
A. Steady-state performance
When the pulse-width-modulation of the inverter is disabled, Figure 10 and Figure 11 show the respective experimental results when the non-linear load is disconnected from and connected to the PCC. Figure 12 and Figure 13 show the respective experimental results when the RC loop is disabled and enabled. Comparing 10 and Fig. 11 indicates that the non-linear load can distort the local PCC voltage. However, using only the conventional PR current controller, the harmonics are poorly suppressed, as demonstrated in Fig. 12 . When the RC loop is enabled, the local PCC voltage distortion is reduced, as shown in Fig. 13 , which is in accordance with the simulation results in Section V. Figure 14 shows the results when g is set to 0.8. It can be seen that the grid current in Fig. 14 is more distorted than in the situation in Fig. 13 . The experimental THD of the PCC voltage against g is plotted in Fig. 15 . It can be seen that increasing g results in lower THD of the local PCC voltage, which is in agreement with the simulation results in Section V. Nevertheless, it is noticeable that the experiments (Fig. 15) show more total harmonic distortion than the simulation (Fig. 9) , which could be explained by two main factors. Firstly, the non-linear load in simulation is not exactly the same as in experiments. The former one is created by two Zener diodes anti-series-connected. In experiments the non-linear load is programmed to have a root mean square value of 2 A, a Crest factor of 2 and a power factor of 0.8. Secondly, the performance of the repetitive-control algorithm is highly dependent on the grid frequency estimation accuracy. In simulation the grid frequency is perfectly stabilized at a set value; however, in practice the grid frequency was between 49.93 Hz and 49.97 Hz.
B. Transient performance
The experimental transient dynamics of the converter when changing the value of g are shown in Fig. 16 . Consistent to the prediction from the model analysis and the observation in simulation, the system keeps stable when g is changed from 1 to 0.99 and unstable when g is changed from 1 to 1.01.
As mentioned earlier, a smaller g increases the overall system stability gain margins at the cost of reduced harmonic attenuation. In the extreme case, g = 0, the voltage support functionality is disabled (with reference to the control strategy structure in Fig. 2) ; in this case the stability condition 2 in Section III-D is always satisfied. 
VII. CONCLUSION
As an extension of the proposed control strategy of grid-connected converters with add-on voltage support in [17] , this paper presents the stability analysis. It introduces a method to quantify the stability margins of the proposed strategy thus improving the robustness of the system. Theoretically, when the feedback gain in the RC is unity, zero-error disturbance rejection is achievable; however, it is at the cost of bringing the system operating at boundary stability condition. A gain smaller than one results in a system that stabilizes faster. However, the disturbance rejection ability is less; namely, reduced performance in voltage harmonic attenuation. As demonstrated by simulation and experimental results in this paper, there is a trade-off between stability margins and the performance of harmonic disturbance rejection.
